Abstract. In this paper, we give a definition of coherent tangent bundles of space form type, which is a generalized notion of space forms. Then, we classify their realizations in the sphere as a wave front, which is a generalization of a theorem of O'Neill and Stiel: any isometric immersion of the n-sphere into the (n + 1)-sphere of the same sectional curvature is totally geodesic.
Introduction
Consider an isometric immersion of Σ n (c) into Σ n+1 (c), where Σ n (c) denotes a connected, simply connected n-dimensional space form of constant sectional curvature c. Such an immersion must be
• a cylinder over a complete plane curve if c = 0, which was proved by Hartman-Nirenberg [5] . (Massey [14] gave an alternative proof for n = 2.) • totally geodesic if c > 0, which was proved by O'Neill-Stiel [19] . Roughly speaking, if c is non-negative, such an isometric immersion is trivial. However, if c is negative, there exist many nontrivial examples of such isometric immersions as shown in [18, 4, 1] . A complete classification was given by Abe-MoriTakahashi [2] (see also [6] ).
On the other hand, even if c is non-negative, there are many nontrivial examples of such isometric immersions admitting some singularities (cf. Figure 1 ). In the seminal paper of Murata-Umehara [15] , they classified complete flat fronts, which are regarded as a generalization of isometric immersions of R 2 = Σ 2 (0) into R 3 = Σ 3 (0) (cf. Section 4). Moreover, complete flat fronts were proved to have various global properties (see Fact 4.1 for the precise statement). Hence, the following problem naturally arises: What occurs in the non-flat or higher dimensional cases?
In this paper, we investigate 'generalized' isometric immersions of S n (c) = Σ n (c) into S n+1 (c) = Σ n+1 (c), where S n+1 (c) = Σ n+1 (c) is a sphere of positive sectional curvature c > 0. To clarify the settings, we first give a definition of coherent tangent bundles of space form type, which is a generalization of space forms (Definition 2.1). Recall that, in [22, 23] , Saji-Umehara-Yamada introduced coherent tangent bundles which can be regarded as a generalized notion of Riemannian manifolds with singularities (for the precise definitions, see Section 1). We remark that there exist coherent tangent bundle structures of space form type on S n whose sectional curvature is non-positive (cf. Example 2.2), while the sectional curvature of a simply connected compact space form must be positive. Throughout this paper, we show graphics using the stereographic projection π st : S 3 \ {(0, −1, 0, 0)} → R 3 defined by π st (x 1 , x 2 , x 3 , x 4 ) = (x 1 , x 3 , x 4 )/(1 + x 2 ). The bold curves are the image of the singular set.
A wave front (or a front , for short) is a generalized notion of immersions admitting singularities. Coherent tangent bundles can be considered as an intrinsic formulation of fronts, because fronts (more generally frontals) induce coherent tangent bundle structures on the source manifold (cf. [23] , see also Example 1.4).
The main theorem of this paper is as follows.
Theorem A. Let M n be a connected smooth n-manifold, and f : M n → S n+1 (c) a front. If the induced coherent tangent bundle on M n is of space form type with positive sectional curvature c, then f is either totally geodesic or an umbilic-free tube of radius π/(2 √ c) whose center curve is a closed regular curve in S n+1 (c). In particular, M n is diffeomorphic to either S n or S 1 × S n−1 , hence orientable.
To prove Theorem A, we classify weakly complete constant curvature 1 fronts in S n+1 (Theorem 3.6), where completeness implies weak completeness (cf. Fact 1.6). Using these, we then investigate some local and global properties of the caustics of constant curvature 1 fronts. Caustics are defined as the singular loci of parallel fronts. It is known that caustics of flat fronts in Σ 3 (c) are also flat fronts (cf. [20] for the case of H 3 ; [15] for the case of R 3 ; [11] for the case of S 3 ). We can prove a similar result for constant curvature 1 fronts in S n+1 (Proposition 3.7). Even if the original front is connected or co-orientable, its caustic will, in general, not be connected or co-orientable. However, the following holds.
Theorem B. Let f : M n → S n+1 be a connected non-totally-geodesic weakly complete constant curvature 1 front. Then, the caustic f C of f is also a connected non-totally-geodesic weakly complete constant curvature 1 front. Moreover, if f is complete (resp. non-co-orientable) then f C is also complete (resp. non-coorientable).
Finally in Section 4, we investigate constant curvature 1 fronts in the case of n = 2. On the regular point set of a constant curvature 1 front, its extrinsic curvature vanishes identically. Thus, we also call such fronts extrinsically flat. Although the local nature of extrinsically flat surfaces in S 3 is the same as that of flat surfaces in R 3 , via central projection of a hemisphere to a tangent space (cf. Example 4.3), they may display different global properties (cf. Example 4.2). On the other hand, in the particular case of n = 2, we can define the duals of tubes of radius π/2 in S 3 . Such duals may not be fronts in general (cf. Remark 4.5). We classify tubes of radius π/2 in S 3 whose duals are congruent to the original ones (i.e., self-dual developable tubes) in Theorem 4.7.
This paper is organized as follows. In Section 1, we review the definition and fundamental properties of coherent tangent bundles and fronts. In Section 2, we give a definition of coherent tangent bundles of space form type and give some examples. In Section 3, we shall investigate constant curvature 1 fronts in S n+1 , and prove Theorem A and Theorem B. In Section 4, we restrict to the case of n = 2 and investigate their duals.
Preliminaries
In this section, we review the definitions and basic properties of space forms, coherent tangent bundles and (wave) fronts.
1.1. Space form. Let S n+1 be the unit sphere S n+1 = {x ∈ R n+2 ; x, x = 1}, where , is the canonical inner product of the Euclidean space R n+2 . We denote by H n+1 the hyperbolic space
is the Lorentz-Minkowski space equipped with the canonical Lorentzian inner product x,
, where Σ n (c) is the connected, simply connected n-dimensional space form of constant sectional curvature c. Then, the unit tangent bundles of R n+1 , S n+1 and H n+1 are identified with
respectively, where
x, x L = 1 is the de Sitter space. For
, where {e 1 , · · · , e n+2 } is the canonical basis of R n+2 and
1.2. Coherent tangent bundle. In [22, 23] , Saji-Umehara-Yamada gave a definition of coherent tangent bundles, which is a generalized notion of Riemannian manifolds. Definition 1.1 ( [22, 23] ). Let E be a vector bundle of rank n over a smooth nmanifold M n . We equip a fiber metric , on E and a metric connection D on (E, , ). If ϕ : T M n → E is a bundle homomorphism which satisfies
It is known that, in general, coherent tangent bundles can be constructed only from positive semi-definite metrics (so-called Kossowski metrics). This was proved in [7] for the case of n = 2, and in [24] for the higher dimensional case.
A point p ∈ M n is called ϕ-singular , if ϕ p : T p M n → E p is not a bijection, where E p is the fiber of E at p. Let S ϕ be the set of ϕ-singular points. On M n \ S ϕ , the Levi-Civita connection of the pull-back metric g := ϕ * , coincides with the pull-back of D. Thus, we may recognize the concept of coherent tangent bundles as a generalization of Riemannian manifolds.
A coherent tangent bundle
Moreover, E is co-orientable if the vector bundle E is orientable (i.e., there exists a smooth section µ of det(E * ) defined on M n such that µ(e 1 , · · · , e n ) = ±1 holds for any orthonormal frame {e 1 , · · · , e n } on E). If the ϕ-singular set S ϕ is empty, the orientability is equivalent to the co-orientability. Moreover, even if the coherent tangent bundle is non-co-orientable (resp. non-orientable), there exists a double covering π :M n → M n such that the pull-back of E by π (resp.M n ) is co-orientable (resp. orientable) coherent tangent bundle.
On the other hand, let g be a positive semi-definite metric on a smooth nmanifold M n . A point p ∈ M n is called g-singular , if g is not positive definite at p. Let S g be the set of g-singular points. Definition 1.2. If there exists a symmetric covariant tensor T on M n with compact support such that g + T gives a complete metric on M n , g is called complete. We call a coherent tangent bundle complete, if the pull-back metric is complete.
Such a completeness was used in the study of maximal surfaces in R 3 1 [12, 26] , flat fronts in H 3 [10] and in R 3 [15] . Since S g is closed, we have the following. Lemma 1.3. The g-singular set S g of a complete positive semi-definite metric g is compact, if S g is non-empty. If M n is compact, every positive semi-definite metric on M n is complete.
1.3.
Frontal, induced coherent tangent bundle. Let (N n+1 , h) be a Riemannian manifold and T 1 N n+1 the unit tangent bundle. A smooth map f :
is called a frontal , if for each point p ∈ M n , there exist a neighborhood U of p and a smooth vector field ν :
, frontals induce coherent tangent bundles.
• E f is the subbundle of the pull-back bundle f * T N n+1 perpendicular to ν,
We call E f the induced coherent tangent bundle. A ϕ-singular point of the induced coherent tangent bundle E f is a singular point of f (i.e., rank(df ) p < n holds). A non-singular point is called regular. A frontal f is called complete (resp. orientable, co-orientable) if the induced coherent tangent bundle E f is complete (resp. orientable, co-orientable). We remark that a frontal f is co-orientable if and only if ν is well-defined on M n . We now consider the case that N n+1 is the simply connected space form Σ n+1 (c) of constant sectional curvature c. If c = 0 (resp. 1, −1), the unit normal vector field ν can be considered as a smooth map into S n (resp.
. Let Σ n+1 (c) be the simply connected space form of constant sectional curvature c, f : M n → Σ n+1 (c) a frontal with a (locally defined) unit normal vector field ν, and (M n , E f , , , D, ϕ f ) the induced coherent tangent bundle. Then, the identity
holds, where X and Y are smooth vector fields on M n , ξ and ζ are smooth sections of E f , and R D is the curvature tensor of the connection D given by
The equation (1.4) is called the Gauss equation. Since the proof of [15, Lemma 4.1] can be applied in our setting, we omit the proof.
A point p ∈ M n is called umbilic, if there are real numbers
.
Then we can check that f δ is a front (called the parallel front of f ) with a unit normal ν δ given by
Umbilic points are common in its parallel family. Proof. If (df ) p = 0, then p is umbilic. Thus, we shall prove the converse. Assume that p is umbilic. There exist real numbers
If we suppose (df ) p = 0, then we have δ 2 = 0, and hence (dν) p = δ(df ) p , where we put δ = δ 1 /δ 2 . Since p is a singular point of f , then there exists a non-zero tangent vector
which contradicts the fact that f is a front.
2. Coherent tangent bundle of space form type
holds for smooth vector fields X, Y on M n and a smooth section ξ of E. In particular, if k = 0, such a coherent tangent bundle is called flat. We say a frontal f has constant sectional curvature or constant curvature (resp. is flat), if the induced coherent tangent bundle E f has constant sectional curvature (resp. is flat). If the ϕ-singular set S ϕ is empty, a coherent tangent bundle of space form type is regarded as a space form (i.e., a complete Riemannian manifold of constant sectional curvature). A simply connected space form is isometric to either a sphere, Euclidean space or hyperbolic space. In particular, any simply connected compact space form has positive sectional curvature. However, if the ϕ-singular set S ϕ is non-empty, there are simply connected compact coherent tangent bundles of space form type whose sectional curvature is non-positive.
where we regard S n as a subset of R n+1 (cf. Figure 2) . The singular point set of f E is the equator {x ∈ S n ; x n+1 = 0}. Since an unit normal vector field ν along f E is given by ν = (0, · · · , 0, 1), f E is a co-orientable frontal (but not a front). As in Example 1.4, f E induces a coherent tangent bundle E fE = (S n , E fE , , , D, ϕ fE ). Since S n is compact, the pull back metric g = ϕ * fE , is complete. Moreover, the Gauss equation (1.4) implies that R D = 0 (cf. Lemma 2.3). Hence E fE is a flat coherent tangent bundle of space form type.
Similarly, let f H : S n → H n+1 be the co-orientable frontal defined by
As in the case of E fE , the coherent tangent bundle E fH induced from f H is of space form type with sectional curvature −1.
The unit normal vector field ν of either the frontals f E or f H in Example 2.2 satisfies rank(dν) = 0. In general, the following holds. 
Proof. Assume f is constant sectional curvature c, that is, the induced coherent
is of constant sectional curvature c. By (2.1) and (1.4),
holds for any vector fields X, Y on M n and sections ξ, ζ of E f , which is equivalent to rank(dν) ≤ 1. Conversely, assume rank(dν) ≤ 1, that is (2.2) holds. By (1.4),
holds for any vector fields X, Y on M n and sections ξ, ζ of E f , which implies (2.1) with k = c.
Classification of constant curvature 1 fronts
In this section, we exhibit examples of constant curvature 1 fronts in the unit sphere S n+1 . Then, we give the proof of Theorem A. Finally, we investigate the caustics of constant curvature 1 fronts and prove Theorem B. In the following, we respectively denote by f uj , γ ′ the derivatives ∂f /∂u j , dγ/ds, etc.
3.1. Developable tubes. The totally geodesic hypersphere S n+1 ∩ {x n+2 = 0} in S n+1 is a constant curvature 1 front (immersion, in fact) satisfying rank(dν) = 0, which can be considered as a trivial example. We shall give an example of rank(dν) = 1 as follows.
Let γ = γ(s) : R → S n+1 be a complete regular curve parametrized by arclength. If there exists L > 0 such that γ(s+ L) = γ(s) holds for any s ∈ R, we call γ = γ(s) closed or periodic. The minimum of {L > 0 ; γ(s + L) = γ(s) for any s ∈ R} is called the period of γ. Moreover, if γ(s + L/2) = −γ(s) for each s ∈ R, we call γ(s) antiperiodic. Then, L/2 is called the antiperiod.
Definition 3.1. For a complete regular curve γ = γ(s), set f :
where {e 1 , · · · , e n } is an orthonormal frame of the normal bundle ∪ s∈R (γ ′ (s)) ⊥ . We call f the tube of radius π/2 or the developable tube.
If γ is closed with period L (resp. antiperiodic with antiperiod L/2), we can regard f as a mapf :
We remark that f gives a parametrization of the set T (γ) which consists of points whose geodesic distance to γ = γ(s) is π/2. Since T (γ) = T (−γ), we call γ and −γ the center curves of T (γ).
Lemma 3.2. Let f : R × S n−1 → S n+1 be a developable tube given by (3.1). Then, for each s ∈ R, there exists a point x ∈ S n−1 such that p = (s, x) ∈ R × S n−1 is a singular point of f .
Proof. Set e := γ ′ . Let F = {γ, e, e 1 , e 2 , · · · , e n } be a Bishop frame [3] of γ. That is, there exist smooth functions µ j = µ j (s) (j = 1, · · · , n) such that
Differentiating (3.1), we have
Hence, the first fundamental form ds 2 is calculated as
where g S n−1 is the standard metric of S n−1 . The singular point set S f is given by
At a singular point, f s = 0 holds. By (3.2), we have
is a subset of S f . Hence, if κ γ (s) = 0 holds at s ∈ R, (s, x) ∈ S I f holds for any point x ∈ S n−1 . For a singular point (s,
Thus, if κ γ (s) = 0 holds at s ∈ R, there exists x ∈ S n−1 such that μ(s), x = 0, and hence (s, x) ∈ S NI f . This completes the proof.
By the above proof, it also holds that every singular point p ∈ R × S n−1 is of corank one (i.e., rank(df ) p = n − 1). Proposition 3.3. A developable tube f : R × S n−1 → S n+1 is an umbilic-free weakly complete constant curvature 1 front. If f is complete, then the center curve γ is closed. Moreover, f is non-co-orientable if and only if γ is antiperiodic.
Proof. By (3.3), we have that ν(s, x) := γ(s) gives the unit normal vector field along f . Thus, rank(dν) = 1 holds and f is a constant curvature 1 frontal by Lemma 2.3. Then, the lift metric ds 2 # satisfies ds
which implies that f is a front and weakly complete. Moreover, since rank(dν) = 1, f has no umbilic points. Assume that f is complete. If γ(s) is not closed, by Lemma 3.2, S f is not closed. By Lemma 1.3, the singular point set S f of f is compact. Therefore, γ(s) must be closed. The third assertion follows because γ gives the unit normal of f .
3.2.
Proof of Theorem A. Now, we give a proof of Theorem A. In the following lemmas (Lemma 3.4 and Lemma 3.5), we fix a non-totally-geodesic constant curva-
be a (globally defined) unit normal vector field. By Lemma 2.3, rank(dν) ≤ 1. Thus, a point p ∈ M n is umbilic if and only if (dν) p = 0. We denote by U f the umbilic point set of f .
Lemma 3.4. A singular point p ∈ M
n of f is of corank one. Moreover, around any non-umbilic point q ∈ M n \U f , there exist a local coordinate system (U ; u 1 , · · · , u n ) and a smooth function ρ = ρ(u 1 , · · · , u n ) on U such that
hold for each j = 2, · · · , n and {ν u1 , f u2 , · · · , f un } is a frame on U . Setting U s = U ∩ {u 1 = s}, the restriction f | Us : U s → S n−1 is a totally geodesic embedding for each s.
Proof. Let (V ; v 1 , · · · , v n ) be a local coordinate system such that ν vj = 0 for each j = 2, · · · , n. Since f is a front, f vj = 0 for each j = 2, · · · , n. Hence p ∈ V is a singular point if and only if f v1 (p) = 0, and then {ν v1 , f v2 , · · · , f vn } is linearly independent. In this case, for each δ ∈ (0, π/2), the parallel front f δ (cf. (1.5)) is an immersion around p. Then, we have
is smooth on U and (1.5), we have (3.4) with ρ = (λ δ sin δ + cos δ)/(λ δ cos δ − sin δ). With respect to the third assertion, n := ν u1 /|ν u1 | gives a unit normal vector field of f | Us . Then,
and n, n uj = 0 yield n uj = 0 on U s for each j = 2, · · · , n. Together with ν uj = 0 (j = 2, · · · , n) on U s , we have the conclusion.
On the regular point set, the principal curvatures λ 1 , · · · , λ n of f are given by λ 1 = 1/ρ, λ j = 0 (j = 2, · · · , n). We call ρ and Λ := [1 : ρ] : U → P 1 (R) the curvature radius function and the principal curvature map, respectively as in [15] Let I be an open interval. A curve σ = σ(t) : I → M n is called asymptotic, if dν(σ ′ (t)) = 0 holds for each t ∈ I, where σ ′ := dσ/dt. If f is a front, df (σ ′ (t)) does not vanish. Thus, we can parametrize σ(t) by an arclength parameter t, i.e., df (σ ′ (t)), df (σ ′ (t)) = 1 for each t ∈ I.
Lemma 3.5. Let σ(t) : I → M n be an asymptotic curve parametrized by arclength passing through a non-umbilic point q = σ(0) ∈ M n \U f . Then the restriction of the curvature radius function ρ to σ(t) satisfies ρ ′′ (t) = ρ(t) for each t ∈ I. Moreover, the closure of σ(I) and U f do not intersect.
Proof. Let (U ; u 1 , · · · , u n ) be a coordinate system centered at q = (0, · · · , 0) as in Lemma 3.4. Moreover, by Lemma 3.4, we may assume that each u n -curve is a geodesic of U 0 = U ∩ {u 1 = 0}. Lemma 3.4 yields that f unun = f on U . Thus, by Lemma 3.4, (f unun ) u1 = f u1 = −ρ ν u1 holds. On the other hand, we have (f u1 ) unun = (−ρ ν u1 ) unun = −ρ unun ν u1 . Since (f unun ) u1 = (f u1 ) unun and ν u1 = 0, we have ρ unun = ρ, which proves the first assertion. The general solution is ρ(t) = a cos t + b sin t with constants a, b ∈ R. Therefore, we have
Suppose that σ(I) accumulates at an umbilic point q ∈ ∂U f . Since σ passes through a non-umbilic point q, there exists a sequence Theorem 3.6. Let f : M n → S n+1 be a weakly complete co-orientable constant curvature 1 front. If f is not totally geodesic, there exists a complete regular curve in γ(s) in S n+1 such that f is a developable tube of γ(s) given by (3.1).
Proof. Let (U ; u 1 , · · · , u n ) be a coordinate system centered at q = (0, · · · , 0) as in Lemma 3.4. On U , ν is a regular curve in S n+1 and we may represent as ν(u 1 , · · · , u n ) = γ(u 1 ). By Lemma 3.4, for each s, there exist a n-subspace Π s of R n+2 such that the image of f | Us is included in S n+1 ∩Π s . Since Π s is perpendicular to both of γ(s) and γ ′ (s), Π s is the normal space (γ ′ (s)) ⊥ at γ(s). Thus, we have the image of f | Us is given by the embedding F s : S n−1 ⊃ Ω → S n−1 defined as F s (x) = x 1 e 1 + · · · + x n e n , where {e 1 , · · · , e n } is an orthonormal basis of (γ ′ (s)) ⊥ at γ(s) and x = (x 1 , · · · , x n ) ∈ Ω ⊂ S n−1 , which implies f is a developable tube given by (3.1) of γ(u 1 ) on U . As in Lemma 3.2, the lift metric ds
2 + g S n−1 on U , where g S n−1 is the standard metric of S n−1 . Since f is weakly complete, we have Ω = S n−1 . Suppose that the umbilic point set U f of f is not empty, and take an umbilic point p ∈ ∂U f . Then there exists a sequence {q m } ⊂ M n \ U f such that lim m→∞ q m = p. For each q m , we set σ m as an asymptotic curve passing through q m . Sinceσ m := f •σ m is a great circle, there exists a subsequence {m k } such thatσ q = lim k→∞σm k is also a great circle. Since the inverse image σ q ofσ q through f passes through q and by Lemma 3.5, every point on σ q is umbilic. On the other hand, for each (3.5 ). If we take the limit as k → ∞, we have σ q = lim k→∞ σ m k . Therefore, by the continuity of the principal curvature map Λ, there exists a point on σ q such that Λ = [1 : 0] ( = [0 : 1]), which implies there exists a singular point on U f . However, by Lemma 1.7 and Lemma 3.4, we have a contradiction and hence U f is empty.
Proof of Theorem A. By a homothety, it suffices to consider the case of c = 1 and we may assume f : M n → S n+1 is a complete constant curvature 1 front. Assume f is not totally geodesic.
First, consider the case that f is co-orientable. Since the completeness implies the weak completeness by Fact 1.6, Theorem 3.6 implies that f is a tube of radius π/2 as in (3.1) whose center curve γ = γ(s) : R → S n+1 is regular. By Proposition 3.3, the center curve γ is closed. Let L > 0 be the period of γ. We shall prove the orientability of f . Take a positively oriented orthonormal frame F = {γ, γ ′ , e 1 , · · · , e n } of γ such that e = e 1 ∧ · · · ∧ e n ∧ γ (cf. (1.2) ). If f is not orientable, there exists a real number s 0 such that the orientation of F (s 0 + L) does not coincide with that of
However, by the closedness of γ, we have
, and hence e(s 0 + L) = −e(s 0 ) holds. Then
yields γ ′ (s 0 ) = 0, which contradicts the regularity of γ(s). Therefore, f must be orientable.
In the case that f is not co-orientable, there exists a double covering Φ :M n → M n such thatf := f •Φ is co-orientable. Then,f is a co-orientable developable tube whose unit normal ν = γ is closed. Moreover, since f is not co-orientable, ν = γ is antiperiodic and regular by Proposition 3.3. Assume M n is non-orientable. Then, by the above argument, we have ν ′ (s 0 ) = 0 for some s 0 , which is a contradiction. And hence f must be orientable.
3.3.
Caustic. For a non-totally-geodesic constant curvature 1 front f : M n → S n+1 , the map (3.6)
is called the caustic (or the focal hypersurface) of f , where ρ is the curvature radius function (cf. Lemma 3.4). We remark that, even if f is non-co-orientable, this definition is also well-defined. Also note that caustics may not be connected.
Proposition 3.7. For a non-totally-geodesic constant curvature 1 front in S n+1 , its caustic is also a constant curvature 1 front without umbilic points. Moreover, if f is a developable tube as in (3.1) of a regular curve γ = γ(s), the unit tangent vector e = γ ′ /|γ ′ | gives the center curve of f C .
Proof. Using the coordinate system as in Lemma 3.4, the first assertion can be proved by a straight-forward calculation. If f is a developable tube as in (3.1), we have ρ = µ 1 (s)x 1 + · · · + µ n (s)x n . Substituting f , ν = γ and ρ into (3.6), we have f C , γ ′ = (f C ) uj , γ ′ = 0 for j = 1, · · · , n, which proves the assertion.
In [9, Theorem 6.6], Kokubu-Rossman-Umehara-Yamada proved that any flat front in H 3 is locally the caustic of some flat front. A similar result is proved as follows.
Corollary 3.8. Any umbilic-free constant curvature 1 front in S n+1 is locally the caustic of some constant curvature 1 front.
Proof. Let f : M n → S n+1 be an umbilic-free constant curvature 1 front. By the proof of Theorem 3.6, f is a part of developable tube. If E(s) :
gives a center curve of f , let γ(s) : I ⊃ I ′ → S n+1 be an integral curve of E(s). Then, by Proposition 3.7, the caustic of the developable tube of γ(s) coincides with f .
Proof of Theorem B. By Theorem 3.6 and Theorem A, f is a developable tube as in (3.1). Let γ(s) : R → S n+1 be a center curve of f . Without loss of generality, we may assume γ(s) is parametrized by arclength. By Proposition 3.7, e = γ ′ gives a center curve of the caustic f C . Let {e, e
n with the unit normal ν C = e, where
which proves the first assertion. If f is complete (resp. non-co-orientable), by Proposition 3.3, γ = γ(s) is closed (resp. antiperiodic). Then, e = e(s) is also closed (resp. antiperiodic), and hence the caustic f C is also complete (resp. nonco-orientable) by Proposition 3.3.
The case of n = 2
In this section, we stick to the case of n = 2 and investigate their duals.
4.1.
Comparison with flat fronts in R 3 . In [15] , a front in R 3 is called flat, if its (locally defined) unit normal vector field ν degenerates everywhere. By Lemma 2.3, we have that this flatness coincides with our definition of flatness (cf. Section 2). Murata-Umehara [15] proved the following.
Fact 4.1 ([15]
). Let M 2 be a connected smooth 2-manifold and f : M 2 → R 3 be a complete flat front in R 3 whose singular point set is non-empty. Then, f is
• umbilic-free, co-orientable and • orientable, more precisely M 2 is diffeomorphic to a circular cylinder.
Moreover, if the ends of f are embedded, f has at least four singular points other than cuspidal edges.
Let f : M 2 → S 3 be a constant curvature 1 front. If f is an immersion, the Gaussian curvature K int of the induced metric is identically 1. By the Gauss equation K int = K ext + 1, the extrinsic curvature K ext vanishes on M 2 . Therefore, we also call a constant curvature 1 front extrinsically flat (or e-flat). By Lemma 2.3, a front is e-flat if and only if its (locally defined) unit normal vector field ν degenerates everywhere. It is known that any flat immersed surface in R 3 is regarded as an e-flat one in S 3 via a central projection (cf. Example 4.3) and vise versa. That is, their local properties are the same. However, they may have different global properties. For example, there are non-totally-geodesic complete flat immersions in R 3 (cylinders over plane curves [5] ), while a complete e-flat immersion in S 3 must be totally geodesic [19] .
Similarly, in the case of fronts, the global properties of e-flat fronts in S 3 are not necessarily equal to those of flat fronts in R 3 . For example, although complete flat fronts in R 3 with non-empty singular set must be co-orientable by Fact 4.1, we can not deduce the co-orientability of complete e-flat fronts in S 3 . (Theorem A just implies their orientability.) In fact, there exist compact non-co-orientable e-flat fronts in S 3 as follows.
Example 4.2 (Non-co-orientable e-flat front). Let f : R × S 1 → S 3 be a developable tube as in (3.1). Since (x 1 ) 2 + (x 2 ) 2 = 1, we may put x 1 = cos t, x 2 = sin t. And hence, we have the following parametrization:
f (s, t) = (cos t)e 1 (s) + (sin t)e 2 (s).
We call a regular curve in S 3 whose curvature and torsion are constant helix.
• Figure 1 (B) shows a graphic of a developable tube f (s, t) whose center curve is a helix γ(s) with (κ, τ ) = (3/4, 5/4). In this case, f is co-orientable and compact.
• Figure 3 shows a graphic of a developable tube f (s, t) whose center curve is a helix γ(s) with (κ, τ ) = (4/3, 5/3). In this case, γ(s) is antiperiodic, and hence f is non-co-orientable by Proposition 3.3. In each case, the restriction of f to the regular point set is an embedding. By this example, we can not expect any evaluation of the number of singular points other than cuspidal edges as in the case of complete flat fronts in R 3 (cf. Fact [15] ). A non-co-orientable compact e-flat front in S 3 , which is given by a developable tube whose center curve is a helix with (κ, τ ) = (4/3, 5/3) (cf. Example 4.2). The bold curve is the image of the singular set which is also a helix.
It is known that for constants a, b, φ satisfying a 2 cos 2 φ + b 2 sin 2 φ = 1, γ(s) = (cos φ cos as, cos φ sin as, sin φ cos bs, sin φ sin bs)
gives the helix with (κ, τ ) = ( (a 2 − 1)(1 − b 2 ), ab) (cf. [25] ). A compact e-flat front in S 3 with its dual. The dual has cuspidal cross cap singularities and hence it is not a front. In general, if a developable tube has swallowtails, the dual has cuspidal cross caps. Such a phenomena is called the duality of singularities [8, Section 7] . Now, we consider the fixed point set of the dual operation. For a regular curve γ(s) in S 3 , the following is called the Frenet-Serret formula: If a ruled surface is congruent to its dual, we call it self-dual. By Lemma 4.4 and Lemma 4.6, we have the following. 
